The concepts of energy flux and group velocity for nonlinear periodic gravity waves are discussed The average energy flux, average energy per wavelength and "group velocity" are calculated for irrotational periodic gravity waves at a third order of approximation. Then the principle of conservation of transmitted energy between wave orthogonals is applied to the same order of approximation for determining the variation of wave height m decreasing depth.
INTRODUCTION
The present study is a theoretical contribution to the problem of periodic gravity waves traveling in -water of decreasing depth. It is remembered that this problem can be treated by two different methods: the analytical method and the energy method.
The analytical method consists of finding a potential function <j> (x, y, t) for a progressive wave, as a solution of V < p s <? and which satisfies the usual boundary condition including that of a sloped bottom: <j>^ -£ <j>u = 0 for y= -d(x) (d is the depth and oy is positive upwards, 5 is the bottom slope).
The general solution in form of power series can be expected to be of the following form:
(1)
The terms in ( fi /ot S<f> ,-S <f> ) are obtained from the linear theory, i.e. by taking ; ^ -%Tu-0 as free-surface condition.
(2) Actually ^^/ 0 is the classical Airy solution valid for a horizontal bottom. It has been shown (Biesel, 1951) , that H -H and
H, *o
where H Q is the deep water wave height and L. the wave length.
The terms in successive powers of n {^<f> Zo > H ^S o '••) are obtained from the Stokes Theory, l. e by taking for free-surface condition.
On a very gentle slope such as encountered on the continental shelf and for relatively steep waves, it is easily realized that these nonlinear terms are far more important than the terms in 5 , (linear or nonlinear).
It is recalled that the energy method consists of assuming first that for a short distance, the wave motion on a sloped bottom is the same as on a horizontal bottom. Then when the wave motion has been so (4) (5) determined, it is assumed that the rate of transmission of energy is constant over a varying depth. The use of the energy method instead of the analytical method permits to take into account a number of phenomena such as bottom friction and variation of distance between wave orthogonals, which are often more important than the flow pattern deformation due to the bottom slope as given by the analytical method and represented by the terms in S . The definition of average flux
is independent of the order of approximation for f> . Hence, writing F' = constant should give the variation of wave height as function of depth at an order of approximation corresponding to the order of approximation for <f> .
It is recalled that the application of this principle where <f is taken as the Airy solution gives also the relationship (3) above. It is realized that the analytical method merges with the energy method, based on the conservation of transmitted energy flux, when -S tends to zero. This confirms the validity of the energy method for small values of S . Then it can be assumed that the principle of conservation of energy flux also applies to a nonlinear wave.
It is recalled also (Stoker, 1957) that the rate of propagation of energy G is given by
where the average energy E is:
J* m
The speed of propagation of energy happens to be also the "group velocity" & if f~ an d £d-v ar e calculated to the first order of approximation:
This result is consistent with the fact that there is no energy passing through the nodes of a wave train and that the energy travels at the speed of the wave tram, the so called group-velocity. This statement does not hold true in the case of nonlinear waves (Biesel 1952) . In this case only formula (7) is valid. In fact, it is immaterial whether or not this happens to coincide with the classical group velocity formula (9) since the study of the modification of wave shoaling involves the use of the flux of energygiven by formula (6) only However, in the following, the two values O and G , given by formulas (7) and (9) respectively, have also been calculated for the sake of academic interest and to conform to tradition. It will be seen that the results given by these two procedures are different if the calculations are carried out at a third or higher order of approximation. Other notations are defined as they appear in the text.
The Stokes third order wave theory as extracted from the theory at the fifth order developed by Skjelbreia and Hendrickson (1961) is defined by the following set of equations: the potential function <f> is given by 
It is pointed out that most often, C 3 given in technical literature and as presented above by formula (13) is wrongly taken at a third order of approximation with X = -X^-. In fact A calculated from formula (13) gives a very different value for shallow water due to the fact that the term £> tends to infinity when oC -*• 0 . Hence in very shallow water A should be taken as a third order of approximation as:
In the following the full formula (13) is used, and it has been verified that due to that third order term, the correction on the wave height variation by shoaling^with respect to the linear theory appears to be in the opposite direction of what it would be if X were taken as ULtL . Hence, it has been judged important to emphasize this discrepancy with other papers, making use of the third order wave theory, water,equation (14) becomes
and equation (12) ( T/-4(/*A.«; (18) in which case A_ is a reasonable approximation.
It is recalled that this set of equations gives A , L. and £j simultaneously for given values of d, T and H • The corresponding 
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Now, by inserting the value of y given by (10) into (6), (8) It can easily be seen that only the first terms of (21) and (22) for practical purposes has not been carried out because the primary purpose of the study is the wave shoaling It is interesting to note that & for nonlinear -waves decreases relatively as -j-increases in shallow water, while it increases with "£• m deep water It can easily be verified that the results of the first order wave theory are found provided A is taken to be equal to WH/L~ m formulas (18) and (20), and m formulas (20) at a very good approximation Because this calculation has been done by computer, the solution (30) has been obtained by successive approximations around X = -%-by the Newton-Raphson method.
-~ is obtained from equation (28),, then A 0 from equation (18) given value of j-and ~ » by a similar process.
These results are presented on Figure (4) and (5) on which the limit for breaking criteria has been added. The complete set of tables is published m a NESCO Report SN-134. Wilson (1964) has determined the limit after which the ratio of the fourth order term to the third order is larger than 1/100, which may be considered from an academic new point, the limit of validity of the third order wave theory It has been found that this limit is defined m shallow water by the condition ( Ifd •< 77"/10)
• ¥d \* d The corresponding line has also been drawn on Figure 4 .
It is theoretically necessary to use a higher order of approximation or the cnoidal wave theory, if one wants an error smaller than 1/100.
It is evident that Figures (4) and (5) permit also the calculation of H{d f X ) after insertion of a term for bottom friction and a correcting term for taking into account the variation of width of orthogonals. In this case, the calculation has to be done step by step over an interval A X> by going from one line The steepest is the wave, the smaller is the value "/Ho * n relatively deep water and the highest is the value "/H 0 in relatively shallow water. The crossing of the curve obtained by linear theory with the third order wave theory curves on one hand and experimental curves on the other hand happens for increasing value of -p-z as -=^ increases . Also the scattering of isolmes --• -constant increases as -S-^ decreases. Due to the bottom friction, a quantitive comparison does not present a good agreement. On the other hand, the scattering of the isolines ~a = constant is wider in the experiments of Iversen than in the theoretical curves. It can be expected that a better agreement will be obtained if the above calculations were performed at a fifth order of approximation. This task has been # achieved partially only. The relationships between -=r z , -nand -^z are readily available from the tables developed by Skjelbreia and Hendrickso (1961) . The corresponding graph is presented Figure (7) . The correspondi fifth order relationship has been inserted numerically in the calculation and the corresponding shoaling effect has been calculated by hand. The results are presented in Figure (8) . It should be realized that these results being a combination of third order wave theory for the energy flux with a fifth order wave theory for the wave length are not consistent. Moreover, they have been obtained by curve reading and hand calculation, i. e. with less accuracy than the previous results presented in. Figures (4) and (5\ obtained by computer. However, by comparing the curves of Figures (4) and (8) would be desirable to perform the calculation which is presently developed at a higher order of approximation. The length of the calculation is discouraging. The calculation of the shoaling coefficient by application of a similar formulation to cnoidal wave theory is probably a better method when the Ursell coefficient -^ ( 7 ) reaches the value 10 or above the limit previously presented on Figure (4) .
